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ABSTRACT
We construct spectral decomposition of 3D Fokker - Planck differential operator in
this paper. We use the decomposition to obtain solution of Cauchy problem - and espe-
cially the fundamental solution. Then we use the decomposition to calculate macroscopic
parameters of Fokker - Planck flow.
1. Fokker - Planck 3D differential operator
The Fokker - Planck equation in three dimensions is
∂n
∂t +
k=3
k=1
Σ vk
∂n
∂xk
− α
∂(n vk)
∂vk
− k
∂2n
∂vk∂vk
 = 0. (1)
where
n = n(t, xk , vk) - density;
t - time variable;
xk - space coordinate;
vk - velocity;
a - damping coefficient;
k - diffusion coefficient.
(1) is evolutionary equation with differential operator
L(φ ) =
k=3
k=1
Σ −vk
∂φ
∂xk
+ α
∂(φ vk)
∂vk
+ k
∂2φ
∂vk∂vk
 . (2)
where φ = φ (xk , vk).
We call differential operator (2) - Fokker - Planck 3D differential operator. This operator is not self-
adjoint. Its adjoint operator is:
-2-
L*(ψ ) =
k=3
k=1
Σ vk
∂ψ
∂xk
− α vk
∂ψ
∂vk
+ k
∂2ψ
∂vk∂vk
 . (3)
We discuss simple cyclic boundary conditions
φ (xi + ai , vk) = φ (xi , vk), − ∞ < v < ∞. (4)
where ak - period along the corresponding coordinate axe.
2. Eigenfunctions and eigenvalues of Fokker - Planck 3D differential operator
Eigenfunctions φ of differential operator (2) must satisfy with differential equation
L(φ ) = λφ =
k=3
k=1
Σ −vk
∂n
∂xk
+ α
∂(n vk)
∂vk
+ k
∂2n
∂vk∂vk
 = 0. (5)
and boundary conditions (4).
We search solution of equation (5) in the form
φ = X1(x1)X2(x2)X3(x3)V1(v1)V2(v2)V3(v3). (6)
or
λ +
3
1
Σ vk
Xk ′
Xk
− α
(vkVk)′
Vk
− k
Vk ′′
Vk
 = 0. (7)
The separation of variables provides two equations
Xk ′ = ck Xk , (8)
kVi ′′ + α (viVi)′ − civiVi = µ iVi , (9)
where ci and µ i are separation constants.
According to (7)
λ = µ1 + µ2 + µ3. (10)
The solution of (8) and (4) is
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Xkm = e
2pi imk
xk
ak ; (11)
where mk is integer and accordingly ck = 2pi i
mk
ak
. Now (9) takes the form
kV j ′′ + α (v jV j)′ − 2pi i
m j
a j
v jV j = µ jV j . (12)
We solved 1D equation (12) in our work [1]. Eigenvalues of (12) are
µ j = −α n j − k

2pi m j
α a j

2
. (13)
Corresponding Eigenfunctions are
Vm j n j = exp(−
2pi im j
α a j
v j) exp −
α
2k
v2j
Hn j √ α2k v j + 4pi im j kα 2a j , (14)
where:
- 1 ≤ j ≤ 3 - coordinate number;
- n j ≥ 0 and m j - integers;
- Hn(ξ ) - Hermite polynomial.
Hermite polynomials are defined as
Hn(z) =
(−1)n
ρ
dn
dzn
ρ; (15)
where ρ = e−z2 .
Eigenfunctions φ according to (6) have the form
φ m1m2m3n1n2n3 =
j=3
j=1
Π exp 2pi i
m j
a j
(x j −
v j
α
) exp −
α
2k
v2j
Hn j √ α2k v j + 4pi im j kα 2a j . (16)
Each eigenfunction is uniquely characterized by a set of 3 nonnegative integers n j and a set of 3 inte-
gers m j .
Expression for eigenfunctions of adjoint differential operator is according to [1]
ψ m1m2m3n1n2n3 =
j=3
j=1
Π exp −2pi i
m j
a
(x j +
v j
α
) Hn j √ α2k v j + 4pi im j kα 2a j . (17)
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Evidently, these eigenfunctions are orthogonal
a1
0
∫ dx1
a2
0
∫ dx2
a3
0
∫ dx3 ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∫ φ m1m2m3 p1 p2 p3 ψ n1n2n3q1q2q3 dv1dv2dv3 = 2p1+p2+p3 p1! p2! p3!  2pi kα 
3
2
× (18)
×a1a2a3 δ m1n1δ m2n2δ m3n3 δ p1q1δ p2q2δ p3q3 exp

−
α
2k

4pi k
α 2

2


m1
a1

2
+

m2
a2

2
+

m3
a3

2


.
We can write following expansion of arbitrary function G(x j,v j)
G(x j , v j) =
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ
∞
p1=0
Σ
∞
p2=0
Σ
∞
p3=0
Σ Am1m2m3 p1 p2 p3φ m1m2m3 p1 p2 p3 , (19)
where coefficients Am1m2m3 p1 p2 p3 are equal to (see (18)):
Am1m2m3 p1 p2 p3 =
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2 1
a1a2a3
exp

α
2k

4pi k
α 2

2


m1
a1

2
+

m2
a2

2
+

m3
a3

2


×(20)
×
a1
0
∫ dx1
a2
0
∫ dx2
a3
0
∫ dx3 ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∫ G(x j , v j) ψ m1m2m3 p1 p2 p3 dv1dv2dv3.
3. Solution of Cauchy problem and fundamental solution
Solution of Cauchy problem with initial condition n0 = G(x j , v j) is
n(t, x j , v j) =
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ
∞
p1=0
Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + k 
2pi
α

2 3
j=1
Σ 
m j
a j

2


× (21)
×Am1m2m3 p1 p2 p3φ m1m2m3 p1 p2 p3 ,
where coefficients Am1m2m3 p1 p2 p3 are given by (20).
The case of
G(x j , v j) = δ (x1 − ξ1) δ (x2 − ξ2) δ (x3 − ξ3) δ (v1 − u1) δ (v2 − u2) δ (v3 − u3) (22)
deserves special treatment. Here ξ j is initial point and u j is initial velocity.
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In this case coefficients Am1m2m3 p1 p2 p3 are equal to
Am1m2m3 p1 p2 p3 =
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2 1
a1a2a3
× (23)
× exp

α
2k

4pi k
α 2

2


m1
a1

2
+

m2
a2

2
+

m3
a3

2


ψ m1m2m3 p1 p2 p3(ξ j , u j).
This leads to following delta function expansion
δ (x1 − ξ1) δ (x2 − ξ2) δ (x3 − ξ3) δ (v1 − u1) δ (v2 − u2) δ (v3 − u3) = (24)
=

α
2pi k

3
2 1
a1a2a3
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ exp

α
2k

4pi k
α 2

2


m1
a1

2
+

m2
a2

2
+

m3
a3

2


×
×
∞
p1=0
Σ
∞
p2=0
Σ
∞
p3=0
Σ φ m1m2m3 p1 p2 p3(x j , v j) ψ m1m2m3 p1 p2 p3(ξ j , u j)2p1+p2+p3 p1! p2! p3! .
After substitution to (24) expressions (16) and (17), we have
δ (x1 − ξ1) δ (x2 − ξ2) δ (x3 − ξ3) δ (v1 − u1) δ (v2 − u2) δ (v3 − u3) = (25)
=

α
2pi k

3
2 1
a1a2a3
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ
∞
p1=0
Σ
∞
p2=0
Σ
∞
p3=0
Σ
j=3
j=1
Π exp 2pi im j
(x j − ξ j)
a j
 exp 2pi im j
(v j − u j)
α a j
 ×
×
j=3
j=1
Π e
−
α
2k
v j+
4pi im j k
α 2a j

2
2p j p j!
H p j
√ α2k v j + 4pi im j kα 2a j  H p j √ α2k u j + 4pi im j kα 2a j .
In this way we obtain finally expansion of fundamental solution of Fokker - Planck equation:
Ga(t, xi , ξ i , vi , ui) = (26)
=

α
2pi k

3
2 1
a1a2a3
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ
∞
p1=0
Σ
∞
p2=0
Σ
∞
p3=0
Σ
j=3
j=1
Π e
−kt 
2pi m j
α a j

2
exp 2pi im j
(x j − ξ j)
a j
 exp 2pi im j
(v j − u j)
α a j
 ×
×
j=3
j=1
Π exp(−α p j t) e
−
α
2k
v j+
4pi im j k
α 2a j

2
2p j p j!
H p j
√ α2k v j + 4pi im j kα 2a j  H p j √ α2k u j + 4pi im j kα 2a j  .
We can simplify (26) by explicit summation of the sum on p j . As an instrument for this task we use
following identity (see [1]).
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n=∞
n=0
Σ e
−
1
2
(x2+y2)
2nn!
sn Hn(x) Hn(y) =
1
√ 1 − s2 exp

x2 − y2
2
−
(x − ys)2
1 − s2

. (27)
This identity is true when |s| < 1.
This gives after long calculations the final form of fundamental solution of initial value problem with
simple cyclic boundary conditions (4):
Ga(t, xi , ξ i , vi , ui) = 1
a1a2a3

α
2pi k(1 − e−2α t)

3
2 j=3
j=1
Π exp

−
α
2k
(v j − e−α tu j)2
(1 − e−2α t)

× (28)
×
+∞
m1=−∞
Σ
+∞
m2=−∞
Σ
+∞
m3=−∞
Σ
j=3
j=1
Π exp

−k
2pi m j
α a j

2t −
2
α
1 − e−α t
1 + e−α t


exp

2pi im j
a j
(x j − ξ j) +
1
α
(v j − u j) −
2
α
(v j − e−α tu j)
(1 + e−α t)


.
4. Fundamental solution for the unbounded space
Direct periods a j to infinity and get from (28) fundamental solution for the unbounded space. The
Fourier series sum is transformed to Fourier integral. Formally, we perform substitutions ω j = 2pi m j /a j and
dω j ≈ 2pi /a j .
G
∞
(t, xi , ξ i , vi , ui) = 1(2pi )3

α
2pi k(1 − e−2α t)

3
2 j=3
j=1
Π exp

−
α
2k
(v j − e−α tu j)2
(1 − e−2α t)

× (29)
×
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ j=3j=1Π exp −k
ω j
α

2t −
2
α
1 − e−α t
1 + e−α t


exp

iω j
(x j − ξ j) +
1
α
(v j − u j) −
2
α
(v j − e−α tu j)
(1 + e−α t)


dω1dω2dω3.
We perform calculations (29) using Gaussian integral
1
2pi
+∞
−∞
∫ e−Dω 2 eiω pdω = 12√ pi D e−
p2
4D
. (30)
For our task D and p j are equal to
p j = (x j − ξ j) + 1
α
(v j − u j) −
2
α
(v j − e−α tu j)
(1 + e−α t) ; (31)
D =
k
α 2
t −
2
α
1 − e−α t
1 + e−α t
. (32)
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Use another variable D*:
D* =
α t (1 − e−2α t) − 2(1 − e−α t)2
2α 4
. (33)
This variable was introduced in our former work [5] as determinant of quadratic form matrix. We hav e:
D = D*
2kα
(1 − e−2α t) . (34)
Perform transformation and get another form of fundamental solution of Cauchy problem for the
unbounded space:
G
∞
(t, xi , ξ i , vi , ui) = 
α
2pi k(1 − e−2α t)

3
2 j=3
j=1
Π exp

−
α
2k
(v j − e−α tu j)2
(1 − e−2α t)

× (35)
×
1
8

(1 − e−2α t)
2pi kα D*

3
2 j=3
j=1
Π exp

−
1
4kD*
(1 − e−2α t)
2α
(x j − ξ j) +
1
α
(v j − u j) −
2
α
(v j − e−α tu j)
(1 + e−α t)

2
.
Join two exponents
G
∞
(t, xi , ξ i , vi , ui) = 
α
2pi k(1 − e−2α t)

3
2
× (36)
×
1
8

(1 − e−2α t)
2pi kα D*

3
2 j=3
j=1
Π exp

−
1
4kD*

(1 − e−2α t)
2α
(x j − ξ j) +
1
α
(v j − u j) −
2
α
(v j − e−α tu j)
(1 + e−α t)

2
+
+
α t (1 − e−2α t) − 2(1 − e−α t)2
α 3
(v j − e−α tu j)2
(1 − e−2α t)


.
or
G
∞
(t, xi , ξ i , vi , ui) = 1(4pi k√ D*)3
j=3
j=1
Π × (37)
× exp

−
1
4kD*

(1 − e−2α t)
2α


(x j − ξ j) +
1
α
(v j − u j)
2
−
4
α
(x j − ξ j) +
1
α
(v j − u j)
(v j − e−α tu j)
(1 + e−α t)

 +
t
α 2
(v j − e−α tu j)2


.
In order to perform final step, we introduce another set of variables:
xˆi = xi − (ξ i + ui
α
(1 − e−α t)); (38)
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vˆi = vi − uie
−α t
.
These variables were introduced in [5] as integrals of characteristic equations. Subexpression of (37)
is equal to
(xi − ξ i) + 1
α
(vi − ui) = xˆi +
vˆi
α
, (39)
and the whole (37) is now
G
∞
(t, xi , ξ i , vi , ui) = 1(4pi k√ D*)3
j=3
j=1
Π exp

−
1
4kD*

(1 − e−2α t)
2α


 xˆ j +
vˆ j
α

2
−
4
α
 xˆ j +
vˆ j
α

vˆ j
(1 + e−α t)

 +
t
α 2
vˆ2j


.(40)
We see, that exponent’s argument is quadratic form of new variables xˆ, vˆ.
Very simple calculation brings this expression to final form:
G
∞
(t, xi , ξ i , vi , ui) = 1(4pi k√ D*)3
j=3
j=1
Π exp

−
1
4kD*

(1 − e−2α t)
2α
xˆ2j − (41)
−

2
α 2
(1 − e−α t) − 1
α 2
(1 − e−2α t) xˆ j vˆ j + 
t
α 2
−
2
α 3
(1 − e−α t) + 1
2α 3
(1 − e−2α t) vˆ2j


.
As expected, this result coincide with obtained in [5].
We checked our considerations, comparing result with earlier one obtained by other means.
5. Calculation of macroscopic parameters
In this section we calculate averages for Eigenfunctions of Fokker Planck operator. We use the
method, developed in our work [3].
First of all we get expression for Fourier transform M of eigenfunction (16) velocities. We study case
of nonlimited space and therefore rewrite (16) once again, using substitutions ω j = 2pi m j /a j and
dω j ≈ 2pi /a j .
φω1ω2ω3n1n2n3 =
j=3
j=1
Π exp iω j(x j −
v j
α
) exp −
α
2k
v2j
Hn j √ α2k v j + 2iω j kα 2 . (42)
The Fourier transform of eigenfunction (16) is
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F(t, xi , qi) = 
k
2pi α

3/2 j=3
j=1
Π(−i)n j 
2k
α

n j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

n j
. (43)
(43) is simply equation (19) from our work [1]. We only restored constant multipliers, which we pre-
viously dropped for simplicity sake. We see, that (43) is generalization of static solution from our work [3].
We get the static solution from (43), when all ω j and n j are zero.
We find derivatives of F easily
∂F
∂q j
=

−
k
α
q j +
ω j
α
 +
n j
q j −
ω j
α


F . (44)
∂2F
∂q2j
=

−
k
α
q j +
ω j
α
 +
n j
q j −
ω j
α


2
F −

k
α
+
n j
q j −
ω j
α

2

F . (45)
∂2F
∂qi∂q j
=

−
k
α
qi +
ω i
α
 +
ni
qi −
ω i
α



−
k
α
q j +
ω j
α
 +
n j
q j −
ω j
α


F . (46)
when i ≠ j.
We can write (45) and (46) as a single expression, using Kronecker delta
∂2F
∂qi∂q j
=

−
k
α
qi +
ω i
α
 +
ni
qi −
ω i
α



−
k
α
q j +
ω j
α
 +
n j
q j −
ω j
α


F − δ ij

k
α
+
n j
q j −
ω j
α

2

F . (47)
Now let us return to expansion (21) for solution of Cauchy problem. We use expression (43) for
Fourier transformation of each term in (21) and get in this way expression for Fourier transform of arbitrary
solution
M(t, x j , q j) =
1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (48)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2 j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
dω1dω2dω3.
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∂M
∂qk
=
1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (49)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2

−
k
α
qk +
ω k
α
 +
pk
qk −
ω k
α


×
×
j=3
j=1
Π(−i)n j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
dω1dω2dω3.
∂2 M
∂q2k
=
1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (50)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2



−
k
α
qk +
ω k
α
 +
pk
qk −
ω k
α


2
−

k
α
+
pk
qk −
ω k
α

2



×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
dω1dω2dω3.
∂2 M
∂qk ql
=
1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (51)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2



−
k
α
qk +
ω k
α
 +
pk
qk −
ω k
α



−
k
α
ql +
ω l
α
 +
pl
ql −
ω l
α


− δ kl

k
α
+
pl
ql −
ω l
α

2



×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
dω1dω2dω3
when k ≠ l.
Density is equal to
ρ = (2pi )3 M0 =
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (52)
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×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2 j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α

ω j
α

2
−
ω j
α

p j
dω1dω2dω3
Av erage velocities are
uk = (2pi )3
i
ρ
Mk =
i
ρ
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (53)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2
−
k
α
ω k
α
−
α pk
ω k

×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α

ω j
α

2
−
ω j
α

p j
dω1dω2dω3.
The current of momentum tensor is
Jkl = −(2pi )3 Mkl = −
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (54)
×Aω1ω2ω3 p1 p2 p3

k
2pi α

3/2


−
k
α
ω k
α
−
α pk
ω k


−
k
α
ω l
α
−
α pl
ω l

− δ kl

k
α
+
α 2 pl
ω 2l


 ×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α

ω j
α

2
−
ω j
α

p j
dω1dω2dω3.
Stresses are equal to
σ kl = ρukul − Jkl = (2pi )3Mkl −
Mk Ml
M0
. (55)
Hydrostatic pressure is
p = −
1
3
3
k=1
Σ σ kk = − 13 (2pi )
3
3
k=1
Σ Mkk −
Mk Mk
M0
. (56)
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6. Calculation of macroscopic parameters of fundamental solution
Coefficients Aω1ω2ω3 p1 p2 p3 for the case of fundamental solution for unbounded space according to (23)
and substitutions ω j = 2pi m j /a j and dω j ≈ 2pi /a j are equal to
Aω1ω2ω3 p1 p2 p3 =
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2 1
a1a2a3
× (57)
× exp

2k
α 3
ω 21 + ω 22 + ω 23

ψω1ω2ω3 p1 p2 p3(ξ m, um).
Expression for M is (see (48))
M(t, x j , q j) =
1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (58)
×
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2
exp

2k
α 3
ω 21 + ω 22 + ω 23

×
×

k
2pi α

3/2 j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
ψω1ω2ω3 p1 p2 p3(ξ m, um)dω1dω2dω3 =
=
1
(2pi )3

α 3
2pi kθ

3/2 3
j=1
Π exp(−ie−α t v0 j q j) exp

−
1
θ

α 3
2k
x j x j + iα (1 − e−α t)2 x j q j +
k
α
α t (1 − e−2α t) − 2 (1 − e−α t)2 q j q j

.
The last expression we know from [3]. In this expression we use following definitions:
θ = 2α t − (1 − e−α t) (3 − e−α t), (59)
and xˆi - as in (38).
The first expression in (58) looks rather awkward, but in fact each term in it is a product of three fac-
tors, each dependent only on one of p j .
Therefore we can write (58) as a product of three independent sums
However, this decomposition not possible in the common case. We could not expect, that we can
simplify expressions (48), (52-56) in the common case.
To prove (58) we use following identity (ref. [4])
∞
n=0
Σ Hn(x) z
n
n!
= exp(2xz − z2). (60)
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In our case this give
p=∞
p=0
Σ exp(−α pt)2p p! (−i)
p
2k
α

p/2q −
ω
α

p
H p
√ α2k u + 2iω kα 2  = (61)
= exp

−ie−α tu +
2iω k
α 2
 q −
ω
α


exp

e−2α t
k
2α
q −
ω
α

2
.
This provide instrument to calculate series in (58). The result is :
M(t, x j , ξ j , q j , u j) = 1(2pi )6
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ j=3j=1Π exp −k 
ω j
α

2
t

exp iω j(x j − ξ j −
u j
α
) × (62)
× exp

α
2k

2ω j k
α 2

2
exp

−
k
2α
q j +
ω j
α

2
exp

−ie−α tu j +
2iω k
α 2
 q j −
ω j
α


exp

e−2α t
k
2α
q j −
ω j
α

2
dω1dω2dω3.
We collect terms with equal powers of ω j :
M(t, x j , ξ j , q j , u j) = 1(2pi )6
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ j=3j=1Π exp −ω 2j 
kt
α 2
−
α
2k
4k2
α 4
+
k
2α
1
α 2
+ e−α t
2k
α 3
− e−2α t
k
2α 3


×(63)
× exp

ω j
i(x j − ξ j −
u j
α
) − k
2α
2q j
α
− ie−α t(− u j
α
+
2ik
α 2
q j) − e−2α t
k
2α
2q j
1
α


×
× exp

−
k
2α
q2j − ie−α tu j q j + e−2α t
k
2α
q2j


dω1dω2dω3.
or
M(t, x j , ξ j , q j , u j) = 1(2pi )6
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ j=3j=1Π exp −ω 2j 
kt
α 2
−
3
2
k
α 3
+ e−α t
2k
α 3
− e−2α t
k
2α 3


× (64)
× exp

ω j
i(x j − ξ j − (1 − e−α t)
u j
α
) − kq j
α 2
(1 − e−α t)2

×
× exp

−
k
2α
q j2(1 − e−2α t) − ie−α tu j q j

dω1dω2dω3.
We use following identity to calculate integrals in (64)
1
2pi
+∞
−∞
∫ e−Dω 2 eiω f dω = 12√ pi D e−
f 2
4D
. (65)
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where detailed expressions are
D =
kt
α 2
−
3
2
k
α 3
+ e−α t
2k
α 3
− e−2α t
k
2α 3
=
k
α 3
θ . (66)
f j = (x j − ξ j − (1 − e−α t)
u j
α
) + i kq j
α 2
(1 − e−α t)2. (67)
The result of our calculations is
M(t, x j , ξ j , q j , u j) = 1(2pi )3
1
8(pi D)3/2
j=3
j=1
Π exp

−
1
4D

(x j − ξ j − (1 − e−α t)
u j
α
) + ikq j
α 2
(1 − e−α t)2
2
×(68)
× exp

−
k
2α
q2j(1 − e−2α t) − ie−α tu j q j

.
Return to "hated" variables (recall (38)):
M(t, x j , ξ j , q j , u j) = 1(2pi )3

α 3
2pi kθ

3/2 j=3
j=1
Π exp −ie−α tu j q j × (69)
× exp

−
α 3
2kθ

xˆ +
ikq j
α 2
(1 − e−α t)2
2
−
k
2α
q2(1 − e−2α t)

.
We get following expression, which is identical to last expression of (58).
M(t, x j , ξ j , q j , u j) = 1(2pi )3

α 3
2pi kθ

3/2 j=3
j=1
Π exp −ie−α tu j q j × (70)
× exp

−
1
θ

α 3
2k
xˆ j + iα (1 − e−α t)2 xˆ j q j +
k
2α
2α t(1 − e−2α t) − 4(1 − e−α t)2 q2


=
=
1
(2pi )

α 3
2pi kθ

1/2
exp(−ie−α tu j q j) exp

−
1
θ

α 3
2k
xˆ j xˆ j + iα (1 − e−α t)2 xˆ j q j +
k
α
α t (1 − e−2α t) − 2 (1 − e−α t)2  q2j

.
In the following we spare such long calculations and provide only their results.
The density is
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ρ = (2pi )3 M0 =
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (71)
×
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2
exp

2k
α 3
ω 21 + ω 22 + ω 23

×
×

k
2pi α

3/2 j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α

ω j
α

2
−
ω j
α

p j
ψω1ω2ω3 p1 p2 p3(ξ m, um)dω1dω2dω3 =
=

α 3
2pi kθ

3/2
exp −
1
θ
α 3
2k
xˆk xˆk
.
Av erage velocities are
uk = (2pi )3
i
ρ
Mk =
i
ρ
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (72)
×
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2
exp

2k
α 3
ω 21 + ω 22 + ω 23


k
2pi α

3/2
−
k
α
ω k
α
−
α pk
ω k

×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α

ω j
α

2
−
ω j
α

p j
ψω1ω2ω3 p1 p2 p3(ξ m, um)dω1dω2dω3 =
= v0ie
−α t + α (1 − e−α t)2 xˆi
θ
.
The current of momentum tensor is
Jkl = −(2pi )3 Mkl = −
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ exp

−t

α
3
j=1
Σ p j + kα 2
3
j=1
Σ ω 2j



× (73)
×
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2
exp

2k
α 3
ω 21 + ω 22 + ω 23


k
2pi α

3/2


−
k
α
ω k
α
−
α pk
ω k


−
k
α
ω l
α
−
α pl
ω l

− δ kl

k
α
+
α 2 pl
ω 2l


 ×
×
j=3
j=1
Π(−i)p j 
2k
α

p j /2
exp(iω j x j) exp

−
k
2α
q j +
ω j
α

2
q j −
ω j
α

p j
ψω1ω2ω3 p1 p2 p3(ξ m, um)dω1dω2dω3 =
=

α 3
2pi kθ

3/2
exp −
1
θ
α 3
2k
xˆk xˆk


v0k e−α t + α (1 − e−α t)2
xˆk
θ
 v0le−α t + α (1 − e−α t)2
xˆl
θ
 + δ kl
2k
αθ
α t(1 − e−2α t) − 2 (1 − e−α t)2 

.
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APPENDIX
We obtained expressions for eigenfunctions (16), (17), and expression for fundamental solution (26)
for the case of cyclic boundary conditions (4). In this appendix we give formulae for the case of
unbounded space. They are:
φω1ω2ω3 p1 p2 p3 =
j=3
j=1
Π exp iω j(x j −
v j
α
) exp −
α
2k
v2j
H p j √ α2k v j + 2iω j kα 2 . (A1)
ψω1ω2ω3 p1 p2 p3 =
j=3
j=1
Π exp −iω j(x j +
v j
α
) H p j √ α2k v j + 2iω j kα 2 . (A2)
G(t, xi , ξ i , vi , ui) = (A3)
=

α
2pi k

3
2 1
(2pi )3
+∞
−∞
∫
+∞
−∞
∫
+∞
−∞
∫ ∞p1=0Σ
∞
p2=0
Σ
∞
p3=0
Σ
j=3
j=1
Π e
−kt 
ω j
α

2
exp iω j(x j − ξ j) exp iω j
(v j − u j)
α
 ×
×
j=3
j=1
Π exp(−α p j t) e
−
α
2k
v j+
2iω j k
α 2

2
2p j p j!
H p j
√ α2k v j + 2iω j kα 2  H p j √ α2k u j + 2iω j kα 2  dω1dω2dω3.
Aω1ω2ω3 p1 p2 p3 =
1
2p1+p2+p3 p1! p2! p3!

α
2pi k

3
2 1
(2pi )3 exp

2k
α 3
ω 21 + ω 22 + ω 23

× (A4)
×
∞
−∞
∫ dx1 ∞
−∞
∫ dx2 ∞
−∞
∫ dx3 ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∫ G(x j , v j) ψω1ω2ω3 p1 p2 p3 dv1dv2dv3.
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DISCUSSION
In this paper we get the closed form expression for eigenfunctions and eigenvalues of 3D Fokker - Planck
differential operator. This experssion is known from previous works - see [5]. We use the decomposition
to obtain solution of Cauchy problem for 3D Fokker - Planck equation. Both periodic problem with cyclic
boundary conditions and the unbounded space case are considered. We calculate macroscopic parameters
of 3D Fokker - Planck flow also.
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